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1. Find the limits of the following sequences defined by the recurrence relations:

(a) x1 :=
3

2
, xn+1 := 2� 1

xn
;

(b) x1 := 1, xn+1 :=
p
2xn

2. (Exercise 3.4.12 of [BS11]) Show that if {xn} is unbounded, then there exists a

subsequence {xnk
} such that lim

✓
1

xnk

◆
= 0.

3. (Exercise 3.4.14 of [BS11]) Suppose {xn} is a sequence which is bounded from above.
Let s = sup{xn}. Show that either s = xN for some N 2 N su�ciently large, or
that there is a subsequence xnk

so that xnk
! s as k ! +1.

4. (Exercise 3.4.15 of [BS11]) Let {In := [an, bn]} be a nested sequence of closed
bounded intervals. For each n 2 N, let xn 2 In. Use the Bolzano-Weierstrass
Theorem to prove the Nested Intervals Theorem.
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1. Find the limits of the following sequences defined by the recurrence relations:

(a) x1 :=
3

2
, xn+1 := 2� 1

xn
;

(b) x1 := 1, xn+1 :=
p
2xn

Pf- b) : Wewill show ma2 and XuE Yet for all neN by induction
Basecase : Y=k2

,
X=E > 1 = x,

It : Sops Xm2 and YnEXuel for Some WAN .

Brud : Xm+= Viz = 2.

Increasin Xntz=t =Xt

So since Exn3 is banded above and nicreasing ,
me conclude by

Therem 2 .13Monitore convergence Therem) that in converges
with

A save lit
, say
2

Frie L:

i Yut =ix
↓

↳ = 2 = 1 =0,
2

rejected by . Xn >, X1 = 130·

So Lz2/,
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2. (Exercise 3.4.12 of [BS11]) Show that if {xn} is unbounded, then there exists a

subsequence {xnk
} such that lim

✓
1

xnk

◆
= 0.

Pf : ConstructM3 inductively . By unboundedness , forall MER,
we can find In st . (Xu/SM o

So pick MENs .
t · kn

,
(2) .

Pick MyeN Sot.

IXuek max2, 14 ,1 ,
(2), . . . . (nil]

.

For each keN
, pick up set.

linel > maxGk ,
(x)

, Wal , ... , Nua-13.
So we have nati ne end Iel n -> 0 an+ 0

%
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3. (Exercise 3.4.14 of [BS11]) Suppose {xn} is a sequence which is bounded from above.
Let s = sup{xn}. Show that either s = xN for some N 2 N su�ciently large, or
that there is a subsequence xnk

so that xnk
! s as k ! +1.

Ef : Sps itsmotthe case that YN =S for some NEN
. By -characterization

of supremum , taly=1
, In

,
EN St . Y

,
> S-1.

IH : Sps . Exa
, , ..., Yun St . Xe > 5 - for=ly--->

k.

If we can show s = Sup5Xh : 1> mm3 , then wewould be done
b/c ,

we could frd Nath st : Yuatt)S-i and Nati no
Notice that EXu : num] [EXB , sovsup [xn : n > nu < S

Now suppose VSS : Since by assumption is , restricting nt

range from 1=--- >M ,
we bee

maxEv , maxXn : n= l, - .., nu33 <
Some have found an u. b . of EXm3 strictly less thems,
hence we have a contradition
So V= S .

[1



MATH2058 Tutorial 4 5

4. (Exercise 3.4.15 of [BS11]) Let {In := [an, bn]} be a nested sequence of closed
bounded intervals. For each n 2 N, let xn 2 In. Use the Bolzano-Weierstrass
Theorem to prove the Nested Intervals Theorem.

Ef : Easy to show Exm3 is bounded since a,Xb , fer all new
So by Bilzans-Weierstrass, there exists a subsequence
[xun] that converges

with to some limit
, say 7.

Remains to show LEER for each beN .
Let KEN be

fixed. Then for each lik ,
we can frid "Um> k

Sota

and Xue by

Let a
and L by

,
so LeIn for each KIN.

Uniqueness whenIn (bn-an) =0 isthe same argument
.

Is


